A prestress force identification method for externally prestressed concrete uniform beam based on the frequency equation and the measured frequencies is developed. For the purpose of the prestress force identification accuracy, we first look for the appropriate method to solve the free vibration equation of externally prestressed concrete beam and then combine the measured frequencies with frequency equation to identify the prestress force. To obtain the exact solution of the free vibration equation of multispan externally prestressed concrete beam, an analytical model of externally prestressed concrete beam is set up based on the BernoulliEuler beam theory and the function relation between prestress variation and vibration displacement is built. The multispan externally prestressed concrete beam is taken as the multiple single-span beams which must meet the bending moment and rotation angle boundary conditions, the free vibration equation is solved using sublevel simultaneous method and the semi-analytical solution of the free vibration equation which considered the influence of prestress on section rigidity and beam length is obtained. Taking simply supported concrete beam and two-span concrete beam with external tendons as examples, frequency function curves are obtained with the measured frequencies into it and the prestress force can be identified using the abscissa of the crosspoint of frequency functions. Identification value of the prestress force is in good agreement with the test results. The method can accurately identify prestress force of externally prestressed concrete beam and trace the trend of effective prestress force.
Introduction
Externally prestressed concrete structure is broadly applied in the highway bridges, urban bridges, and railway bridges with the development of external prestress technology. In design and construction process of externally prestressed concrete bridge, the prestress force is often determined according to the theory formula [1] . But in the actual construction process, many factors such as relaxation of steel, shrinkage and creep of concrete, and ambient temperature can lead to the change of the prestress force and the prestress force can show obvious change when the concrete beam has the cracks or failure. Therefore, in order to effectively control the operating state and the bearing capacity of bridges, it is very important to identify the prestress force of externally prestressed concrete bridge. The existing method which has good accuracy is to install force sensors in the prestressed concrete beam to monitor the change of the prestress force. The disadvantage of this approach is that the sensor is expensive and the accuracy of the force sensor will decrease with the increase of age in services. Above all, it is necessary to find a simple and effective method to identify the prestress force. In recent years, scholars did a lot of research on identification of prestress force and obtained some results.
Lu and Law [2] presented a method for the identification of prestress force of a prestressed concrete bridge deck using the measured structural dynamic responses and the prestress force is identified using a sensitivity-based finite element model updating method in the inverse analysis. Law and Lu [3] also studied the time-domain response of a prestressed Euler-Bernoulli beam under external excitation based on modal superposition and the prestress force is identified in 2 Mathematical Problems in Engineering the time domain by a system identification approach. Li et al. [4] carried out numerical simulations to identify the magnitude of prestress force in a highway bridge by making use of the dynamic responses from moving vehicular loads based on dynamic response sensitivity-based finite element model updating. Law et al. [5] developed a new method of prestress identification using the wavelet-based method in which the approximation of the measured response is used to form the identification equation. Bu and Wang [6] presented a BP neural network method to identify the effective prestress for a simply supported PRC beam bridge based on modal frequencies and dynamic responses of the bridge. Abraham et al. [7] investigated the feasibility of using damage location algorithm technique for detecting loss of prestress in a prestressed concrete bridge. Kim et al. [8] studied a vibrationbased method to detect prestress loss in beam-type PSC bridges by monitoring changes in a few natural frequencies. Xuan et al. [9] evaluated the prestress loss quantitatively in the steel-strand reinforced structures by an optical fibersensor based monitoring technique. However, the prestress force and prestress loss cannot be estimated directly, simply, and accurately unless the beam has been instrumented at the time of construction. Several researchers also studied the dynamic behavior of prestressed beam with external tendons and predicted the relation between the modal frequency and the given prestress force. Miyamoto et al. [10] studied the effect of the prestressing force introduced by the external tendons on the vibration characteristics of a composite girder with the results of dynamic tests and derived the formula for calculating the natural frequency of a composite girder based on a vibration equation. Hamed and Frostig [11] presented the effect of the magnitude of the prestressing force on the natural frequencies of prestressed beams with bonded and unbonded tendons. Saiidi et al. [12, 13] reported a study on modal frequency due to the prestress force with laboratory test results. The above researchers only considered the prestressing effect on dynamic characteristics of the simply supported beam. Very few works have been presented on the effect of prestressing on the dynamic responses of a beam and identification of prestress force directly or indirectly.
The exact solution of the free vibration equation of multispan externally prestressed concrete uniform beam is obtained in this paper. An inverse problem to identify the prestress force based on the frequency equation and the measured frequencies is then presented taking the prestress force as an unknown parameter in the frequency functions. The prestress force identification method is suited to the externally prestressed concrete uniform beam. Firstly, based on Miyamoto et al. 's study [10] , the function relation between prestress variation and vibration displacement of multispan externally prestressed concrete beam is built according to the basic principle of the force method. The multispan externally prestressed concrete beam is considered as the multiple single-span beams which must meet the bending moment and rotation angle boundary conditions. The free vibration equations of multispan externally prestressed concrete beam by using sublevel simultaneous method which can simplify the solution of dynamic equations are given and the semianalytical solution of the free vibration equations which considered the influence of prestress on section rigidity and beam length is obtained. Then, frequency functions which are obtained by frequency equation are used to identify the prestress force by the appropriate method. Two dynamic tests of externally prestressed concrete beam in the laboratory are submitted to illustrate the effectiveness and robustness of the proposed method. At last, the effect of the error of the measured frequencies on identification of the prestress force is studied in the proposed method.
Vibration Equation of Multispan Externally Prestressed Concrete Beam

Vibration Equation of Externally Prestressed Simply Supported
Beam. An externally prestressed simply supported beam is shown in Figure 1 . It is assumed that the prestress force has no prestressing loss along the beam length and the beam bending must meet the plane section assumption. The vibration equation of this simply supported beam can be expressed as follows:
where is the flexural rigidity of the beam, is the mass of the beam per unit length, ( , ) is the transverse deflection, is the horizontal component of the prestress force , is the equivalent eccentricity of the external tendons, and Δ is the variation of the prestress force due to flexural vibration. Because eccentricity of external tendons in different positions on the beam is not the same, the equivalent eccentricity can be calculated according to the principle of equal area in the bending moment diagram.
Vibration Equation of Multispan Externally Prestressed
Beam. A multispan externally prestressed continuous beam which has spans is shown in Figure 2 and the th span of the beam is taken as the study subject. The rotation angle and bending moment of the beam end at point are , +1 and , +1 and the rotation angle and bending moment of the beam end at point + 1 are +1, and +1, , respectively. According to (1) , the free vibration equation of the th span of the beam can be written as follows:
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where ( , ) is the transverse deflection of the th span, is the equivalent eccentricity of the external tendons of the th span, Δ is the variation of the prestress force due to flexural vibration of the th span, and is the horizontal component of the prestress force of the th span. The rotation angle and bending moment at both ends of the th span of the beam need to satisfy the following boundary conditions:
The first and the last span of multispan externally prestressed concrete beam must meet the boundary conditions
Obviously, the free vibration equation of multispan externally prestressed concrete beam can be considered to be the free vibration equations of multiple single-span externally prestressed beams which must satisfy the rotation angle and bending moment boundary conditions, as shown in (3) and (4) . In order to solve the vibration equations, relations between prestress variation Δ and vibration displacement ( , ) should be defined firstly.
Relations between Prestress Variation and Vibration Displacement.
Prestress force would change as the vibration displacement during the free vibration of multispan externally prestressed concrete beam, the free vibration of the beam, is considered in small deformation condition, so relations between prestress variation Δ and vibration displacement ( , ) can approximatively be seen as a linear relationship on the geometric deformation [10, 14] . Assume that there is a concentrated force on the midspan of the beam to get the relations between prestress variation Δ and concentrated force , then to obtain the relations between vibration displacement ( , ) and concentrated force , and at last to find the relationship between prestress variation Δ and vibration displacement ( , ) by variable replacing.
The side span ( = 1, ) of the multispan externally prestressed concrete beam can be simplified approximately as the structure shown in Figure 3 (a). Concentrated force acts on the midspan of the side span beam model, the prestress variation Δ , and bending moment on the support are identified as the unknown forces 1 and 2 and the basic system can be generated after removing the redundant constraints. The bending moment diagrams with the unknown forces 1 = 1 and 2 = 1 and concentrated force acting on the beam model are shown in Figure 3 (a). The deformation compatibility equations can be written as follows: (5) can be rewritten as follows:
The vertical displacement on the midspan of the side span beam model can be expressed as follows:
Substituting (6) into (7), we can get the following:
When concentrated force acts on the midspan of the beam model, the vertical displacement can be produced at the midspan and external tendons can produce internal force which will produce the prestress variation Δ . At the same time, internal force will lead to the vertical displacement Δ which has the opposite direction of the . The vertical displacement Δ can be written as follows:
The vertical displacement which is caused by the concentrated force can be calculated as follows:
Substituting (8) and (9) into (10), we can obtain 
The middle span (2 ⩽ ⩽ −1) of the multispan externally prestressed concrete beam can be simplified as the structure which is shown in Figure 3 (b). Concentrated force acts on the midspan of the middle span beam model and unknown forces are 1 , 2 , and 3 . The deformation compatibility equations can be expressed as follows:
where and Δ can be calculated by (5) and (13) can be rewritten as follows:
where Δ = .
The vertical displacement on the midspan of the middle span model can be expressed as follows:
The vertical displacement Δ caused by internal force can be written as follows:
Substituting (16) and (17) into (10), the relationship between prestress variation Δ and vibration displacement ( , ) can be expressed as in (11) . But the coefficient can be written as follows:
Equivalent Eccentricity .
The equivalent eccentricity can be computed according to the principle which is that the areas of the bending moment diagram are equal [10, 14] . As shown in Figure 3 (b), the bending moment of the middle span caused by external tendons can be written as follows: 
The area of the bending moment diagram is = ( 
Similarly, the equivalent eccentricity of the side span can be written as follows:
Substituting (11) into (2), we can get
Equation (23) is the free vibration equation of the multispan externally prestressed concrete beam and the section rigidity and beam length can be modified as follows. Kim et al. [8] considered that the total rigidity of prestressed beam is the sum of the flexural stiffness of reinforced concrete beam and the flexural stiffness of the prestressed steel and took the prestressed steel as the cable which is fixed at both ends of the beam. According to the principle that the natural frequency of the cable is equal to that of the beam, we can obtain
The total rigidity of prestressed beam can be written as follows:
where is the beam length of the th span and is the modal order.
The prestress force on the cross section can be regarded as an axial force and a moment and the beam length will change under the axial force [15] . The actual beam length of the th span can be written as follows:
where is the actual beam length of the th span. The section rigidity and beam length in (23) can be corrected according to (25) and (26) before solving it.
Frequency Equation of Multispan Externally Prestressed Concrete Beam
To Solve the Vibration Equation.
Xiong et al. [14, 16] utilized Dirac function to establish vibration equation of externally prestressed continuous beam and this method is not suitable for the solution of the vibration equation of threespan and more than three-span externally prestressed continuous beam. This paper translates the vibration equation of the multispan externally prestressed concrete beam into vibration equations of multi-single-span beams which must satisfy the rotation angle and bending moment conditions. According to (23), the vibration equation of th single-span beam can be simplified as follows:
For any mode of vibration, the lateral deflection ( , ) may be written in the form [17] ( , ) = ( ) ( ) ,
where ( ) is the modal deflection and ( ) is a harmonic function of time . Then substitution of (28) into (27) yields
. Equation (29) is the fourth order constant coefficient differential equation and the assumption that the solution of (29) is Φ ( ) = . Taking it into (29), we can get
where
The general solution of (29) can be written as follows:
where , , , and are constants which can be obtained by rotation angle and bending moment boundary conditions.
To Solve Modal Equation.
As shown in Figure 2 , the displacement and bending moment at the ends of the th single-span beam can be written as follows:
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Taking the values of constants into (32), model functions can be derived.
To Solve Frequency Equation.
According to (32), the angle equation of the th single-span beam can be written as follows:
For the th support which is shown in Figure 2 , the equation = , +1 = , −1 always stands up and the angles on both sides of the th support can be rewritten as follows:
The angles on both sides of the th support must be equal ( , −1 = , +1 , 2 ⩽ ⩽ ), so we can get
where = − , = cos(ℎ ) − cosh( ). Equation (37) has +1 unknowns and −1 equations and taken (37) into matrix form
. (39) The bending moment within the first and last span beam ends needs to satisfy that 1 = 0 and +1 = 0. Equation (38) can be simplified as follows:
Equation (40) must have a nonzero solution according to the physical meaning of the formula, so the frequency equation of the span externally prestressed concrete beam can be written as follows:
The initial roots can be obtained by calculating (42) which are the essential order frequencies of the span externally prestressed concrete beam.
Method for Prestress Force Identification
Identification from Frequency Equation and Measured
Frequencies. In order to identify the prestress force according to the frequency equation (42), the frequency function ( ) can be defined as follows:
where is the prestress force which is the independent variable of the frequency function ( ). Taking the measured frequency into the frequency function ( ) and assuming that the frequency function is equal to zero ( ( ) = 0), the prestress force can be obtained by solving the formula ( ) = 0. The th order measured frequency is taken into frequency function ( ). We can rewrite it as follows:
Mathematical Problems in Engineering 7 We can obtain frequency functions such as 1 ( ), 2 ( ), . . . , ( ) if there are measured frequencies. The prestress force can be identified by looking for the zeros of the frequency functions if the measured frequencies are accurate enough. Actually, there are inevitable errors in the measured frequencies and the true prestress force will appear near the zero of the frequency function. If we still identified the prestress force at the zero of the frequency function, the errors of prestress force could be larger. In order to obtain more accurate results, the finite order measured frequencies are taken into the frequency function ( ) and we can get the relationship equations about the true prestress force as follows:
Graphs of (45) must have the intersection and the value of the independent variable at the intersection is the prestress force which needs to be identified. Concrete steps for the prestress force identification method will be given with examples in Section 4. within the beam, the cross sectional area of the external tendon is 139 mm 2 , and eccentricity of the external tendon is 0.125 m. Schematic diagram of the single-span concrete beam with external tendons is shown in Figure 4 .
Examples and Discussion
Prestress Force Identification in a Single
The biggest tensile force of the external tendon is 120 kN according to principles that the tensile force cannot exceed 75% tensile strength and the eccentric compressive concrete beam cannot cause cracks under the prestress force. The stretching device is a hydraulic jack and pull-press sensor at the beam end. The tensile force in each tensioning stage is measured by the pull-press sensor. The external tendon was tensioned using multilevel tensioning method and the vibration signal of the beam using hammer to stimulate it was collected by the acceleration sensor at each tensioning stage. The photos of test are shown in Figure 5 . When the test is completed, acceleration signals are analyzed by the methods of digital signal processing including FFT. The first two order frequencies of the single-span beam in each tensioning stage are obtained and shown in Table 1 .
The values of material parameters such as elastic modulus and density cannot directly use the standard value because of the manufacturing error and material difference. The values of material parameters must be corrected before identifying the prestress force. On the basis of the external tendon layout completed and no tensioning, the values of material parameters are corrected by using the frequency equation (42) and the measured frequencies. After the completion of the correction, the first two order frequencies with the modified 8 Mathematical Problems in Engineering material parameter by frequency equation (42) are fit with the measured frequencies which are shown in Table 2 . Obviously, the corrected results of the first two order frequencies have a good agreement with the measured frequencies at the external tendon layout completed and no tensioning stage.
The frequency function ( ) of the simply supported concrete beam with external straight tendon according to (44) can be written as follows:
where is the th frequency of the test beam, is the eccentricity of the external tendon, and is the radius of gyration. The frequency function ( ) can be rewritten as 1 ( ) and 2 ( ) when = 1 and = 2 (to identify the prestress force using the 1st and 2nd measured frequencies). The abscissa value of the intersection of the frequency functions 1 ( ) and 2 ( ) is the prestress force which needs to be identified. Graphs of frequency functions 1 ( ) and 2 ( ) are shown in Figure 6 and the identified prestress force and error are shown in Table 2 . Figure 6 shows that graphs of frequency functions 1 ( ) and 2 ( ) do meet in one point on every tensioning state and the intersection of the frequency functions 1 ( ) and 2 ( ) seems close to the function zero which match with theoretical analysis in Section 4.1. Table 2 shows that the identified prestress force is slightly larger than the true value and the maximum error is 6.59%. This shows that the new method is available and can reflect the change trend of the prestress force in the beam.
Prestress Force Identification in a Two-Span Beam.
A two-span concrete beam with external tendons is studied. The height of the beam is 0.36 m, the width of the beam is 0.17 m, concrete grade is C20, and the span length is 4.3 m + 4.3 m. There is an external tendon 7 5 within the beam, the cross sectional area of the external tendon is 139 mm 2 , and the biggest tensile force of the external tendon is 180 kN. Test Figure 7 . The first three order frequencies of the two-span beam in each tensioning stage are obtained and shown in Table 3 .
Frequency equation of the two-span concrete beam with external tendons based on (38) can be obtained as follows:
where (47) is not corrected by (25) and (26). The values of material parameters of the two-span concrete beam with external tendons must be corrected based on the first three order measured frequencies after (47) is corrected by (25) and (26) and the correction method is the same as the singlespan beam in Section 5.1. The corrected values of material parameters are shown in Table 4 . Prestressing force (kN) Prestressing force (kN) The frequency function ( ) of two-span concrete beam with external tendons can be presented according to (44). The frequency function ( ) can be rewritten as 1 ( ), 2 ( ), and 3 ( ) when = 1, = 2, and = 3 (to identify the prestress force using the first three measured frequencies). The abscissa value of the intersection of the frequency functions 1 ( ), 2 ( ), and 3 ( ) is the identified prestress force. Because there are always errors with the measured frequencies, graphs of frequency functions 1 ( ), 2 ( ), and 3 ( ) cannot be accurate in one point. Actually, graphs of any two frequency functions can meet in one point and the three frequency functions will have three intersections. The prestress force of the two-span concrete beam will be identified based on the first three measured frequencies which will have higher accuracy than the result based upon the first two measured frequencies. The true prestress force will appear in the triangle with the three intersections. According to the geometric relationship of the triangle, the identified prestress force can be acquired by the abscissa value of the triangle of gravity. Graphs of frequency functions 1 ( ), 2 ( ), and 3 ( ) are shown in Figure 8 and the identified prestress force and error are shown in Table 4 . Figure 8 shows that graphs of frequency functions 1 ( ), Note: "0" stands for the error which does not appear in the certain calculating condition and "1" stands for the error which appears in the certain calculating condition.
The identified prestress force appears near functions zero. Table 4 shows that the identified prestress force of the twospan concrete beam with external tendons is also larger than the true value and the maximum error is 6.89%. Identification method for the prestress force based on the frequency equation and the measured frequencies can effectively identify the prestress force.
Effect of Measured Frequency Errors.
Structural dynamic responses can be collected using the acceleration sensor in practical engineering and the natural frequencies can be obtained based on spectrum transformation with the acceleration data. The low order natural frequencies usually have higher precision than the high order natural frequencies. If test environment is relatively stable and the test beam does not show cracks and plastic deformation in the tensioning stage, the change of the measured frequencies reflects that the prestress force has effects on dynamic characteristics of the structure. The prestress force can be effectively recognized based on the measured frequencies and frequency functions of externally prestressed concrete beam which is presented in this paper. Natural frequencies which are obtained by the signal processing technology are relatively accurate, but there is a certain error between the measured results and the true values which is caused by the test method and data processing method. It is necessary to study that the identified result of the prestress force is affected by the error of the measured frequencies.
Taking the single-span beam which is shown in Section 5.1 as an example, the first two order frequencies under different prestress force ( = 60kN, 90 kN, and 120 kN) can be obtained by (42) and then assuming that the frequencies which are obtained by (42) have a maximum error of ±3%. The frequencies and the error can be combined to different calculating conditions. Frequencies with different errors in different calculating conditions are plugged into frequency functions (45). The graphs of frequency functions with the first two order frequencies will have the intersection and the identified prestress force can be modified with the intersection which is shown in Section 5. The error analysis results under different calculating conditions are shown in Table 5 . Table 5 shows that the identified prestress force has a greater difference with the different frequency and the error combination in the same tensioning stage which illustrate that the error of natural frequency has significant effect on the accuracy of prestress force identification and the more accurate the measured frequencies are the higher precision the identified prestress force has. In different tensioning stage and the same frequency error, the smaller the prestress force is, the more significant effect by the frequency error the identified results have and the influence of frequency error for prestressed force identification will wane with the increase of tensioning force. The identified results are affected more significantly by the error of higher order frequency. Apparently, there exists nonlinear relationship between natural frequency and prestressed force. Above all, when the test environment is relatively stable and beam does not show cracks and plastic deformation in the tensioning stage, the natural frequencies are obtained more accurately using the right test method and data processing method; then the prestress force can be identified based on frequency equation and the measured frequencies and the identification accuracy for the prestress force depends on the accuracy of the measured frequencies. In the long-term bridge health monitoring, the dynamic response of the bridge can be collected by sensors, the influence of environmental factors and external incentives is eliminated in signals, and the measured frequencies are obtained by spectrum transformation. The prestress force of the bridge can be identified based on the frequency equation and the measured frequencies and the change trend of the prestress force can be reflected.
Conclusion
In this study, a new method to identify the prestress force in externally prestressed concrete beam based on the frequency equation and the measured frequencies is proposed. The effectiveness of the prestress force identification method is demonstrated by the single-span externally prestressed concrete beam and two-span externally prestressed concrete beam tests. Taking the single-span beam as an example, the influencing regularities of the error of the measured frequencies on the identified results are analyzed by numeric calculation. The free vibration equation of multispan externally prestressed concrete beam is solved using sublevel simultaneous method and the multispan externally prestressed concrete beam is taken as the multiple single-span beams which must meet the bending moment and rotation angle boundary conditions. The function relation between prestress variation and vibration displacement is built and the formula of equivalent eccentricity is presented. In the longterm bridge health monitoring, the measured frequencies can be obtained by practical signal processing. The prestress force of the bridge can be identified based on the new identified method and the change trend of the prestress force can be reflected.
